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Abstract 
We consider germs of holomorphic function f : (C=n+2, 0) + @ with the following proper- 
ties: 
(i) the critical set 2 is a 2-dimensional isolated complete intersection singularity; 
(ii) the germ of f in points of X\(O) is equivalent to D(2, 0): xf + . . . +.x,2 or 
D(2,l): x,.x,‘+x: + . . . +x,z. 
When the set {x l Z\{O}lgerm of f in x is of type 0(2,1)) is not empty, we prove that 
the Milnor fibre of f is not only (n - 2)-connected, as predicted by a result of M. Kato and 
Y. Matsumoto, but (n - l)-connected. We compute also the Euler characteristic of the 
Milnor fibre of f. We discuss also the case when the above set is empty. 
Keywords: Nonisolated singularity; Milnor fibre 
AMS (MOS) Subj. Class.: 32805, 14B05, 32855, 3282.5 
1. Introduction 
Let f:(V+‘, 0) + @ be a germ of a holomorphic function for which the critical 
set _X is a 2-dimensional icis (isolated complete intersection singularity) defined by 
the (reduced) ideal I. Let J(f) denote the jacobian ideal of f, namely: 
J(f) = -$...,--$ . 
i 1 n+2 I 
We consider, as in [11,121, the group gI of local analytic isomorphisms 
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tp :(c+*, 0) + (c=n+*, 0) such that q*(Z) = I. This group acts on Z* and the 
extended codimension of (the orbit of) f with respect to this action is defined by: 
Z2 
cc(f) :=dimcz2nJo a 
We shall focus our attention on germs f~ Z* with c&f) < m. From Theorem 
2.2 it follows that for such a germ f, the set 
Y, := {x E S I transversal singularity of f at x E 2 is of type A 1} 
is dense in 2. We are interested in the topology of the Milnor fibre of f. From [51 
we know that the Milnor fibre of f is (n - 2)-connected, since dim 2 = 2. We shall 
prove the following: 
Theorem 1.1. Let f : (Cn+*, 0) + C be as defined above. Suppose also that c,(f) < CC 
and 2 \(O} g ‘7,. Then the Milnor fibre off is (n - l)-connected and has the nth 
Betti number equal to 0 or 1. 
The method which we use for proving this result does not distinguish between 
the two possibilities for the nth Betti number and we shall give examples where 
the two values are obtained. 
The remaining case JS \{O} 5 Y,, is discussed in Proposition 5.4, where we 
obtain the Betti numbers of the Milnor fibre. See also Proposition 5.5. 
Note also that in “most” cases we have L$ \ (O] p Y,. 
For a more precise statement of our main result, see Theorem 5.2. 
We shall use the following two results [19, Theorem 3 and Lemma 4, pp. 
483-4841. 
Theorem 1.2 (Generalised Gysin homology sequence). Let p : E -+ B be an ori- 
entable fibration with path-connected base space and with fibre F a homology 
n-sphere (over R), where n > 1. Zf B’ 5 B and E’ =p-l(B’>, then there is an exact 
sequence 
. . . -+H,(E, E’; R) %H,(B, B’; R) 
+H,_,_,(B, B’; R) +H,_,(E, E’; R) -% 0.. . 
Lemma 1.3. Let p : E + B be an orientable fibration with path-connected base space 
and with path-connected fibre F. Assume that H,(B, B’) = 0 for q < n and H,(F) = 0 
for 0 < q < m (all coefficients in R). Then the homomorphism p * : H&E, E’) + 
H,(B, B’) is an isomorphism for q < n + m - 1 and an epimorphism for q = n + m. 
The result in Theorem 1.1 generalizes the results in [161; note also that in both 
situations the limit given by Kato and Matsumoto in [5] is improved. 
All homology groups will have integer coefficients. 
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2. A characterization result 
Let 6’ denote the ring of holomorphic germs, B = {f : (C”, 0) + C). Let I c B 
be a (reduced) ideal defining an icis (isolated complete intersection singularity) 2 
of dimension k and suppose that 
Z=(g,,..., g,) with n = m -k. 
We shall assume that n > 2 and k > 2; the cases k = 1 and n = 1 are studied in 
[16] and respectively [18] and [9]. Let f E d be a germ whose critical set contains 
2:. This situation is treated in the work of Pellikaan, see [ll-131. It follows that 
f E Z2 and we have a decomposition 
f = 5 hijgigj 
i,j=l 
(1) 
with hij = h,,. This representation is not unique, but we have the following: 
Lemma 2.1. Zf the generators g,, . . . , g, of Z are ftied, then the classes hij + Z E R/Z 
are uniquely determined by the relation (1). 
Proof. It is enough to show that if 
Chijgigj = 0, 
then hij E I. This follows from the property of being a regular @-sequence of 
(g 1,. . . , g,). Namely, the equation E hijgigj = 0 gives us that 
h&=(gz,...,gn) 
and this implies that h,, E (g2,. . . , g,). Hence we obtain that 
hi+r.g+(gs,...,gn) 
for some germ h E@. Since h,,gf + 2h,,g,g, E (g3,. . . , g,), it follows that 
g,g,(g,h+2h,,)E(g,,...,gn), 
which implies that h,, E (gI, g,, . . . , g,>. q 
Let f be as before. We define the jacobian ideal of f by: 
J(f):= J&-,...,; . 
i 1 m I 
We consider also, as in [11,121: 
T,(f):=Z"nJ(f) 
and 
Z2 
ce( f) := dimc- 
T,(f) . 
The following result is similar to [15, Theorem 2.51. 
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Theorem 2.2. Let f E 12. Equivalent are: 
(A) c,(f) < Q). 
(B) The critical locus of f is 2 and the germ of f in every point of 2 \I01 is 
equivalent to a D(k, p)-singularity, for a suitable p. 
Before proving this result, we recall from [11,12] the definition of a D(k, PI-sin- 
gularity. 
Definition 2.3. A germ f : (Cm, 0) + (C, 0) is called of type D(k, p), or a D(k, p>- 
singularity, if there exist some local coordinates 
Xij (l<i<jGp), zl,...,zq, Y1,.-.,Yn 
of CC”, 0) such that 
f(x, Y, z, = C xijYiYj+ f: Yf* 
l<i<j=zp l=p+l 
Remark 2.4. The singular locus of a D(k, pbsingularity 
sion 
k=$(p+I)+q, 
is smooth and of dimen- 
while m = k + n. In [11,12] a D(k, O&singularity is also called A(k): 
A(k) :=D(k, 0): ky;. 
I=1 
We note also: 
n 
D(k,l): x,Y:+ CY?. 
1=2 
Siersma, in [15], used the names D, for a D(l,l)-singularity and A, for a 
singularity of type A(1) = D(1, 0). 
Proof of Theorem 2.2. To prove that (A) is equivalent to (B), we take a representa- 
tive f of the germ and define a sheaf of @modules as follows: 
I2 
F(U) := - 
Te(f) ’ 
where Z2 and r,( f > are considered as modules over the holomorphic function on 
U. It is clear that &+- is coherent. We intend to use the fact : F is concentrated in 
a point = dim r(9) < ~0. 
(B) 2 (A) For x E C”\z, f is regular at x and we have dim TX = 0 since 
I,’ = ~9’~ and (T,(f I>, E ~9,. If x E 2 \{O} then f is of type D(k, p) at x, for some p, 
and we have dim 9X = 0 since c,(D(k, p)) = 0. It follows that P- is concentrated 
at 0, hence ce(f > < 03. 
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(A) j (B) Since ce(f> < ~0 we have that dim FX = 0 for x # 0. Thus, if x E C” 
\Z, we obtain that dim(@‘/J(f)), = 0, which means that f is regular at x. 
When x E 2 \{O) we obtain that dimU’/T,(f)), = 0, which means, according to 
[11,12], that the germ of f at x is of type D(k, p> for some p, since Z is smooth at 
x. 0 
Definition 2.5. Let f~ 1’ be such that c,(f) < 00 and, using formula (11, let D be 
defined by: 
D(X) = det( hij( x))ij. 
Lemma 2.6. D is not a zero divisor of @/I. 
Proof. Suppose the contrary. Then there exists an irreducible component S’ of Z 
such that D is identically zero on S’. On the other hand, if x E ,X \(O} satisfies 
D(x) = 0, then Theorem 2.2 gives us that the germ of f in x is of type D(k, p) for 
some p z 1. But in any neighbourhood of a point of type D(k, p) there exist 
points of type D(k, 01, i.e., there exist points x’ such that D(Y) # 0. This shows 
that D cannot be identically zero on S’. q 
Now it follows from Lemmas 2.1 and 2.6 that, if D(O) = 0, then the ideal 
Z+(D) = (gr,...,gn, D) 
defines a complete intersection in (Cm, O), which depends only on f. Let us denote 
by A the zero set of I + (D): 
A := V(Z+ (D)). 
Remark 2.7. (1) A clS defines the locus where f is not of type D(k, 0). 
(2) In general A has nonisolated singularities. For example, we can take n = 2, 
m=6, 1=(x,, x2) and f = x:x3 +x1x2x4 +x22x5 = singularity of type D(4,2). 
Then A = I/(x1, x2, ~4’ - 4x,x,) is singular in all the points (0, 0, 0, 0, 0, x6). 
Let f and D be as in Definition 2.5 and A as above. For every p E N such that 
k > -b(p + 1) we put 
Y,:={xEZIgermof f in x isoftype D(k,p)} 
and for p E N such that k < -$<p + 1) we put r, := 0. It is clear that the definition 
of Y, (see the beginning of the Introduction) coincides with the definition given 
here. Note also that Theorem 2.2 gives us that 
Z\{O} G UT, and A\(O) c IJT,. 
P>O p>l 
Proposition 2.8. Let f be as in Definition 2.5 and suppose that D(O) = 0 and that 
‘T2 c (0). Then A is an icis of dimension k - 1 = dim 2 - 1. 
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Proof. It is easy to see, using suitable local coordinates, that 
F& UT,. 
pa2 
Since r, c (0) we have T, = fl for p > 3 and A \{Oj c TTl. Now the result follows 
from the local equation of a singularity of type D(k, 1). •! 
Remark 2.9. Here are two trivial cases for which Proposition 2.8 applies: 
(1) The matrix (ZZ~~(O))~~ has rank equal to n - 1 (for any k). It is easy to see that 
in this situation we can choose the generators g,, . . . , g, of the ideal Z such that 
the function f can be written in the following way: 
f=D$+g;+ *.. +g,‘. 
For k a 3, we shall compute the Betti numbers of the Milnor fibre of f in 
Proposition 5.5. 
(2) dim 2 = k = 2. 
Remark 2.10. Note also that 
rank(h,j(0)),j=n = D(O)+0 - Z\(O) CT,. 
Moreover, in this case, with a good choice of the generators g,, . . . , g, one has 
f=gf+ *.a +g,2. 
The Betti numbers of the Milnor fibre of f are computed in Proposition 5.4. 
3. A good deformation 
Definition 3.1. Let Z, J? and f be as in the beginning of Section 2. Suppose also 
that cJf> < 00. Let 
G:(@“x@‘,O)-,(C”XQ=‘,O) 
be a versa1 deformation of (2, 0) with 
G(x, U) = (G,(x, u),...,G~(x, u), u) and Gi(x, 0) =gi(X)* 
(See [6, (6.5)1.) For u and u generic, the equations 
G,(x, U) =ui ,..., GJx, v) =u, 
define the Milnor fibre ^cCU,oj of the icis (2, 0). It is known that -&) has the 
homotopy type of a bouquet of spheres of dimension k. Let Z_L~ be the number of 
spheres in this bouquet. We consider the following deformation of f: 
% s) =f,(x) =&,b,u,&) 
= 
2 ( hij(x) +aij+ (~~xt)sij)(GiCx~ ‘1 -“i)(Gj(x~ ‘1 -“j)y 
i,j=l 
where aij = aji. Let S be the space of parameters (a, b, u, u) of the deformation 
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$. Note also that the singular locus of f, contains at least &+,) which will be 
denoted in the sequel by z:,. 
Lemma 3.2. There exists a dense subset U of S and a neighbourhood Y’” of 0 E 62”’ 
such that for all s E U sufficiently small, all the singularities off, in Y \X, are of 
type 4. 
Proof. As in [13], we consider the maps 
~:(@mxS,O)-+(@,O) and @:(C”XS,O)+C”, 
+&if )...) $1. 
We have 
a@. 
k ~2. Z(X, U) * (Gj(X, 0) -Uj) 
II 1 
and 
aPi 
nb=2.~(~,,).~t.(Gj(~,u)-~j)+sit(Gj-~j)’. 
t1 I 
It follows that 
~-~r*~,...,~-X ‘@ ‘- 
m aajj 
= (Gj - uj)*” 
IJ JJ ml 
These relations show that 
z:= {G, - ur = . . . = G,, - u, = 0) c (Cm x S, 0) 
contains the critical set of CD. Hence the restriction 
@:((@“xS)\Z, 0) +C” 
is submersive and W’(O)\2 is nonsingular. 
Now the result follows by applying the theorem of Sard to the projection 
7?:(@-1(o)\~)+s, 75(.(x, s) =s. 0 
Let us denote by 0, the determinant 
Ds=det(hij(x) +‘ij+ (~~j~~)Sij)i,j=~,,,,,. 
and by A, the zero set of the ideal Z, + <ZI,>, where 
Z,=(G,(x,u)-u, ,..., G&v)-u,). 
Let Ed be an admissible radius for the Milnor fibrations of f, 2 and A, i.e., &a > 0 
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is such that for all E with 0 < E G e0 we have f-t(O) A %‘I, (as a stratified set), 
_Z A 83, and A m aBE. For each such E > 0 there exists 8(s) > 0 such that 
f-‘(t)fhW3, forallO<tG8(.5), 
and similarly for the Milnor fibres of ,Z and A. We now fix an E Q e0 and we shall 
consider 0 < 6 Q 6(s). We take the representative 
f: x, :=f-‘(A) nB, +A 
where A is a disc of radius 6 in C. We have the following 
Proposition 3.3. For dim _X = k = 2, let f, be as above and let us consider the 
restriction 
f,:X,,,:=f,-‘(A)nB,~A. 
Then there exists a dense subset U’ of S such that for all s E U’ and 6 > 0 sufficiently 
small, we have: 
(1) f;l(t)m 8B, for all t E A. 
(2) The fibrations induced by f and f, above the boundary circle aA are equivalent. 
(3) X, and X,,, are homeomorphic. 
Proof. We remark firstly that k = 2 implies p G 1 and note that 
x~aB~nz:\A - f at x is a D(2, 0)-singularity 
and 
xEaBFnA - f at x is a D(2, 1)-singularity. 
The idea of the proof is that under the perturbation, the pair (aB, n 2,, 
aB, n A,), is a trivial family of spaces, and, moreover, f, is trivial as well, i.e., on 
CIB, n _Zc,\A,, respectively on aB, n A,, it remains of type D(2, O), respectively 
D(2, 1). 
Let us assume that the following lemma is true; its proof follows after the proof 
of Proposition 3.3. 
Lemma 3.4. For dim .X = k = 2, let f and f, be as above. Then there exists a dense 
subset U” in S such that for every s E U” the germ off, in the points of 2, is of type 
D(2, 0) or of type D(2, 1). Moreover, the set of points of Z, where f, is of type 
D(2, 1) is exactly A, and this set is a Milnor jibre of the icis A. 
Proof of Proposition 3.3 (continued). Let S, be a small ball of radius 77 in the 
parameter space S such that, for every s E S,, the function f, 
l has no singular points in (B,\B,,,)\I;,; 
l has singularities of type D(2, 0) or of type D(2, 1) in points of 
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We put 
_Z* := IJ Z, and A* := U A,. 
SES SE.7 
(1) In points of A* f~ %I, the functions f, have type D(2, 1). Near such a point 
we can change the coordinates (x, s) of C” X S to (y, s), with y =y(x, s) 
depending smoothly on S, such that f,(y) = y,yi + yi + . . . +yi. In these coordi- 
nates it is easy to see that for t # 0 the tangent space to the Milnor fibre f;‘(t) 
contains the line L = {y ( y, = . * + = y, = 0). If we apply the opposite coordinate 
change 9 we obtain that the tangent space to the fibre f;‘(t) contains the line 
L x,s = image of the line L under &P; here we have f,(x) = t # 0. 
Note also that L,,, is the tangent space to A, at x, if f&x) = t = 0, since in 
coordinates y the equations of A, are y, = . * * = y, = 0. On the other hand, for 
s # 0, A, is the Milnor fibre of A. Hence A, d-~ Gl, for s sufficiently small. Thus it 
follows that L,,, h alI, for every t E A, if 6 is sufficiently small and if x E f; l(t) 1’3 
al?, f-IA*. 
In points of (X* \A*) 17 aBE, the functions f, are of type D(2, 0). Near such a 
point we can change the coordinates (x, S) of C” X S to (y, ~1, with y = y(x, S) 
depending smoothly on S, such that f,(y) = yz + . . . +yi. In these coordinates it 
is easy to see that, for t # 0, the tangent space to the Milnor fibre f;‘(t) contains 
the plane P={yly,= *.* = y, = 0). If we apply the opposite coordinate change 
?P’ we obtain that the tangent space to the Milnor fibre f;‘(t) contains Px,, = image 
of the plane P under dW’; here we have f&x) = t # 0. 
Note also that P,,, is the tangent space to 2, at x, if f&x) = 0 and if x E A,, 
since in coordinates y the equations of 2, are y, = . . . = y, = 0. On the other 
hand, for s f 0, 2, is the Milnor fibre of 2. Hence _Z, A 8?, for s sufficiently 
small. It follows that P_ h aB, for every t E A, if 6 is sufficiently small and if 
x ef;l(t) n az3, n A*. 
In points not situated on S* we obtain that f;‘(t)h aB, from the fact that 
f,- ‘(0) A aB, on f; ‘(0) \S:,. 
(2) We consider the map F :(@” X S, 0) + C X S defined by F(x, s) = 
(fs(x, s>, s). We put 
YA,V := F-‘(A x S,) n (B, x s,) 
and we consider the restriction of F to YA,+ 
F A,l) : Y4,1, -A xs,. 
For every s E S, we have the following commutative diagram: 
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with vertical maps induced by the inclusion {s} =+ S,. Since df, has maximal rank 
over &4 the map FA,17 is a submersion on the interior points of 
F-‘(CIA x S,) n (int B, x S,). 
Also, the restriction 
F n,s : F-‘(aA x S,) n ((aB,) x S,,) + (aA) x S, 
is a submersion since from (1) we have f;‘(t) A 3B, for every t E A and s E S. The 
result follows now by applying a relative version of Ehresmann’s fibration theorem. 
(3) Follows from Thorn’s first isotopy lemma. 0 
Proof of Lemma 3.4. First we choose u and u such that .Z, = ZCU,U, is smooth and 
such that 0 cCZ,. 
Then we choose parameters aij sufficiently small such that aij = aji and the 
matrix 
Chij + aij)i,j=l,,..,n 
has rank > y1 - 1 in every point of ,I$,. To see that this can be realized, we consider 
M c 2, x @n(n+1)/2, defined by 
M:= (( x, U) 1 x EX~, u = (~ij)ij with Uij=Uji 
andrank(hij(x)+a,,)<n-2). 
For any x E 2, define M, := pr; ‘(x) n A4 and note that dim M, = n(n + 1)/2 - 3. 
Hence dim A4 = n(n + 1)/2 - 1 and pr,(M) c CnCn+ 1)/2 has dimension < n(n + 
1)/2 - 1. This shows that here exists (uij> so that rank(hij(x) + aij) an - 1 for 
anyxEZ,. 0 
Remark 3.5. (1) For it = 2 this shows us that if the ideal generated by the 
(n - 1) x (n - 1) minors which correspond to the elements of the principal diago- 
nal of matrix (2) vanishes in a point x0 E Z,, then matrix (2) has maximal rank in 
X0. 
(2) For n > 3 the ideal generated by the (n - 1) X (n - 1) minors which corre- 
spond to the elements of the principal diagonal of matrix (2) has at least three 
independent generators. Hence we can choose uij sufficiently small such that in 
any point x E 2, at least one such (n - 1) x (n - 1) minor does not vanish. 
Finally, we choose the parameters btj such that the curve given by the zero set 
of the function 
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on Z:, is smooth. This can be realized since the singular locus of the restriction of 
the function D, to Z, is given by the following conditions: 
. G&X, U) -ur = ... = G,(x, U) - u, = D,(X) = 0, 
l all the (n + 1) X (n + 1) minors of the following matrix are vanishing 
(3) 
Now, supposing the contrary, we note first that the curve given by the zero set 
of the function DCu,u,a,Oj on 2, = J&+) has a finite number of isolated singular 
points, i.e., this curve has no multiple components if the parameters U, U, aij are 
sufficiently small. Next, considering any analytic curve b(7) which tends to 0 in the 
space of parameters btj, we find, using the curve selection lemma (see [S]), that 
there exists an analytic curve x(r) E 2, which tends to some point x0 E XS such 
that 
D,,,,( X(T)) = 0 (4) 
and all the (n + 1) x (n + 1) minors of matrix (3) are identically equal to 0. 
Differentiating (4) with respect to r we obtain: 
(5) 
For r = 0 we obtain from the identity (5) a contradiction since 
(this follows from the condition that at the point x0 the function DCu,L,,a,Oj has a 
critical point when it is restricted to ZCu,u,a,Oj) and, when n > 3, 
aD(u  a b(T)) , 7 , 
ab 
zo 
7=0 
(since x0 f 0 and we chose aij such that at least one (n - 1) x (n - 1) minor which 
corresponds to some element from the principal diagonal of matrix (2) is not equal 
to 0 in any point x E .Z), while 
ab 
a7 7=. 
can be any vector. 
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When n = 2 we have to observe that the equality 
aD,wxW =o 
ab 7=0 
is in contradiction with (4) as we already mentioned in Remark 3.5. 
And now, by the equation of a D(k, p)-singularity, the fact that the matrix (2) 
has rank 2 n - 1 implies that p < 1. 
Remark 3.6. We can construct a deformation of f as in Proposition 3.3 also in the 
case when f satisfies condition (1) in Remark 2.9. 
4. A good neighhourhood of (Es, A,) 
We shall suppose now that dim 2 = k = 2. Let f, be a deformation of f such 
that the conclusions of Proposition 3.3 are fulfilled and let us suppose that the 
number of A, points of f, is (T. As in [16], since X,,, is contractible one has 
H* _ JXJ = H* (X, s, X,,,) and we have a decomposition for the relative homol- 
ogy groups H,CX’~,~,’ X,,,), where X,,, has been defined in Proposition 3.3 and 
X,,, :=f; ‘(t) n B,. Namely, we have to consider firstly the situation near s,. 
Let us consider the germ 
w: (Cm, 0) + (C”, 0) 
defined by: 
( 
WI(X) = G,(x, u> - ~1 
. . . 
wn(x> = G,(x, u> -u, 
and let us consider the function ro(x) := I w,(x) I ’ + . . . + I w,(x) I 2. Then r; '(0) 
=w - ‘(0) = 2, and if we put 
BO:={xEB,Iro(x) <p) 
then we have the following 
Lemma 4.1. Zf p is sufficiently small, then B" is (real) diffeomorphic to the product 
J$, X Q”, where Q” is a closed n-ball in C”. 
Proof. The lemma follows from the Ehresmann fibration theorem, in the same way 
as [16, Lemma (4.3)] is obtained. 0 
If we write 
PO := BO n x,,, 
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then, for t sufficiently small, homotopy equivalence and excision (cf. [16, Proposi- 
tion (2.8)]) gives us that 
H*(XA,S, X&S) = 
i 
H*(BO, FO), if*#m, 
H,( B”, F”) @ Z”, if * = m. 
To compute the homology of the pair (II’, F”> we shall proceed as in [161. We 
shall consider in B” coordinates (wr,. . . ,I+,, PV~_~, w,> such that (w,, . . . , w,) E Q” 
are the functions defined above and (w,,_r, w,) E Z, (recall that dim Z = k = 2, 
hence m =n + 2). Then (wr,..., w,) are holomorphic functions on B” and 
(w,_r, w,) are real differentiable. We shall consider the projection 
Z-t:= (wm-1, wm) : (P, P) --f z, 
and the function @ : B” + @ x Z, defined by e(w) = (fS(w>, (w,,_r, w,)). Then 
the critical points of @ are given by the 2 x 2 minors of the matrix 
’ af, afs afs afs - - . . . ~ - 
awl aii aw, aiiii 
- 
FL af, z z _ _ . . . - - 
\ a< aw, aiiii aw, 
and the variety given by these 2 x 2 minors is the union of ,I$:, with the polar 
variety r of f, with respect to r. The next lemma is similar to 116, Lemma (4.5)l 
and has the same proof. 
Lemma 4.2. The polar variety r can cut 2, only in the points of A,. 
We construct now two tubular neighbourhoods of A, GZ,, called lJ, and U,, 
sufficiently small such that the following conditions are fulfilled: 
l U,CU2CZS, 
l the restrictions of 0, to U, and U, are trivial fibrations over some closed 
distinct discs from C, 
l the restriction of r above ,I$, \ U, is a locally trivial fibration, 
l the map given by the superposition 
+(U,) 5 U, -A, (6) 
is a locally trivial fibration, where the map between U, and A, is obtained with the 
help of a trivialization of the restriction of 0, to U,. 
This is possible to realize since we have the following lemma: 
Lemma 4.3. If p and U,, U, are sufficiently small then 
(a) the map ~:(L?“\~-‘W,), F’\Y l(U,>> + -C,\ U, is a localZy trivial fibration 
with fibre equal to the pair CC”’ - 2, Milnor fibre of x1” + . . . +x,2>, 
(b) the map from (6) gives us a fibration of the pair 
(F’(&), F0 n 5--‘<u2>) 
with fibre equal to the pair (Cn+‘, Milnor fibre of x,+1xF +x,2 + . . . +x,2>. 
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Proof. Part (a) is similar to a statement in [161 and has the same proof. Part (b) 
reduces to show that the map (6) has no singularities on F” n C’(iJ,) and this can 
be proved using suitable local coordinates around a point in A,. 0 
We conclude this section with the following propositions, which are similar to 
some results in [171: 
Proposition 4.4. Let pA and pc be the Milnor numbers of A and 2 respectively. 
Then 
( 
z, if * =0 or * =l, 
H, (&\A,) = .??A+~~, if * = 2, 
0, otherwise. 
Proof. This result is a consequence of Proposition 4.5. 0 
Proposition 4.5. Let (ql,. . . , cp,) : (Cm, 0) + (C’, 0) define an icis with Milnor fibre 
K, and Milnor number vl. Suppose also that (ql,. . . , ~p,_~): (Cm, 0) + (CKP1, 0) 
defines an icis with Milnor fibre K, and Milnor number v2 and that K, c K,. Then 
the complement K,\K, has the homotopy type of a bouquet of spheres S’ V 
(V Sm--K+l), the number of spheres of dimension m - K + 1 being equal to v1 + v~. 
Proof. Let cp :(2, 0) + (9’) 0) be a good representative of (cpi, . . . , cp,) and let 
~9 ~9 be its discriminant (see [6]). For c = (c,, . . . , c,_~) define 
L,:={(Ur ,..., U,)E~IUi=CifOri=l ,..., K-l}. 
Then for generic c and for * EL, fC3 one has K, = cp-l(L,) and K, = q-‘(*). In 
particular, K,\K, = cp-‘(L,\{*}). Since cp is a fibration over L,\g, L,\{f} can 
be deformed (rel 9) in L, V S’ so that cp over S’ is trivial. Therefore 
Kz\K,~K,~K, xS’ 
K, 
where the first inclusion K, L, K, is homotopically trivial, and the second one is 
given by K, G K, x {l) -K, x S’. In particular, 
K,\KILK2V S’Vsuspension(K,). Cl 
5. Homology of the pair (B’, F”) 
For a subset W G 2, we shall denote by F, the following set: 
F,:=&(W) nF”. 
We shall consider the fibration 
(%\U,~ %\UJ -2 (&\U,Y U,\U,). (7) 
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From Lemma 4.3 the fibre of this fibration is homotopic to S”-l and we can use 
the Gysin exact sequence. We obtain 
. . . +H * (F&\W FWJ +H&%\HI, &\HI) 
+H, -,(~,\HI, Hz\%) +H* -I(F_Y~\u~~ Fu& -+ . ** 
and using excision we have 
H,(&\% &\UI) =H*(%, LA)- 
The exact sequence of the pair (Zs, U,> gives us 
These results together with Lemma 1.3, applied to the fibration (71, gives us, if we 
use excision: 
We consider now the fibration (with fiber Sn) given by the superposition 
Fo, + U, = A, X (disc in C) + A,. 
The Gysin exact sequence and Lemma 1.3 give us that 
H,(FUz) = “,;A, 
if * =Oor * =n, 
if*=lor*=n+l, 
0, otherwise. 
Remark 5.1. Suppose now that n > 4. Then, from the exact sequence of the pair 
(F’, F,~), we obtain that 
H,_l(Fo) =0 
and we have the following exact sequence: 
O-+~~A~H,+,(F~)~Z’“A+‘“~~Z~H,(F’)-,O. 
Now we consider the pair (B’, F”> and the corresponding 
homology. From Lemma 4.1 we obtain that 
H,(B’, F”) =H,_,(F’) if * 24. 
Now, putting together all these results, we can obtain easily the 
exact sequence in 
following theorem: 
Theorem 5.2. Let f : CC”+‘, 0) + C be a holomorphic map germ whose singular locus 
is a 2-dimensional icis with Milnor number equal to pz. Suppose that ce( f) < CO and 
that there exist D(2, 1) points for f in 2. Then the Milnor fibre off is (n - Gconnected 
and has the nth Betti number equal to 0 or 1. The Euler characteristic of this Milnor 
fibre is equal to 
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where u is the number of A, points which appear in a deformation off constructed 
as in Lemma 3.2 and ud is the Milnor number of the icis A which corresponds to the 
D(2, 1) points off. 
Proof. First we compute the Betti numbers of the Milnor fibre of f. We have 
H, _ i( Milnor fibre) = H, ( X,,, , X,,,) . 
To obtain the right values, we use the beginning of Section 4 and Remark 5.1. In 
order to use Remark 5.1, it is enough to show that we can always suppose that 
n 2 4. And for this we can use suspension of f with independent variables, since in 
this way the reduced homology of the Milnor fibre of f is shifted to the reduced 
homology of the Milnor fibre of the suspension of f, see for example [14] and then 
[7; 4, ch. 1111. 
Next we have to prove the connectivity. For this it suffices to show that the 
Milnor fibre is l-connected. When n > 3, this follows from [5]. 
When n = 2, one can obtain that r,(X,,,) = 7,(X,,,, X,,,) from the exact 
sequence of the pair (X,,,, X,,,). But this pair and (B’, E;‘) differ by some 4-cells 
only, hence T.JX,,~, X,,,) = r,(B’, F’). Using Van Kampen’s theorem for the 
covering F” = Fvz U F, ,v, it can be proved that rI(Fo) = 0. Now the exact 
sequence of the pair (i”, F”) implies the commutativity of r,(B’, F’). It follows 
that rr,(X,,,> is Abelian, hence ~i(x~,~) = H,(X,,,) = 0. 0 
Now Theorem 1.1 is proved. 
Remark 5.3. It is easy to find functions f for which the pairs (2, A) are the same 
but the nth Betti numbers are different. For example 
f1(x1, x2, x39 x4) =x3x: +x4x; 
and 
fi(Xl? x2, x37 x4) =qx3xq +xg +x,2 
have these properties (see Example 6.1 for f2). 
For the following result we shall suppose that I, 2, f and /_L~ are as in 
Definition 3.1. Hence dim ,Z = k > 2 and m = k + n. 
Proposition 5.4. Let f be as in Definition 3.1 and suppose that in any point 
x~z\{O} thegerm offatxisof typeD(k,O), i.e., S\{O}CY,. Let adenote the 
number of A, points which occur in a deformation off constructed as in Definition 
3.1. Then, if P denotes the Milnor fibre off, we have 
z, if *=Oor *=n-1, 
H,(F) = .Zpx+“, if * =m- 1, 
0, otherwise. 
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Proof. As in Definition 3.1, we can construct a deformation of f for which 
Proposition 3.3 is true. Then we use Theorem 1.2 and proceed as in the proof of 
Theorem 5.2. There is no uncertainty for the Betti numbers of P since there is no 
A. 0 
Suppose now that f satisfies condition (1) in Remark 2.9, hence again we have 
rank(h,j(0)),j = n - 1, dim.Z=k>2 and m=k+n. 
Then we can obtain the following 
Proposition 5.5. Let 2 be the M&or fibre off and let u be the number of A, points 
which appear in a deformation off constructed as in Remark 3.6. Then, if pLd is the 
Milnor number of the icis which corresponds to the D(k, 1) points off and pz is as 
in Definition 3.1, we have, for k > 3, 
z, if *=Oor *=n, 
H,(F) = z2fiA+PE+u, if * = m - 1, 
0, otherwise. 
Proof. In the same way as in the proof of Theorem 5.2 we can obtain that 
if*=kor*=n+k-1, 
otherwise 
and 
i 
z, if * =Oor * =n, 
H, (&) = zCLa, if*=k-lor*=n+k-1, 
0, otherwise. 
Next, supposing that n > k + 2 and using the homology exact sequence of the pair 
(F’, Fv?), we obtain the homology groups H, (F’), for * 2 n - 1, without uncer- 
tainty, since k 2 3. And now the proof continues in a similar way to the proof of 
Theorem 5.2. 0 
Remark 5.6. (1) Compare the (m - 11th Betti number of the Milnor fibre of f in 
Propositions 5.4 and 5.5 with the analogous cases in [161. 
(2) Propositions 5.4 and 5.5 can be compared also with [9] since in both cases 
the function f is a composed singularity of type “polynomial (icis)“. 
6. Some examples 
Example 6.1. Let us suppose that 2 is smooth and m = 4. Then we can suppose 
that the equations of Z are x1 =x2 = 0. Let us take f =x:g(x,, xg, XJ + ~2’ 
where g(x,, x3, x,) is an isolated boundary singularity with respect to {xi = 0) c 
C3, see for example [1,2]. Then f has ce( f) < CC and from [18] or [9] it follows that 
the second Betti number of the Milnor fibre of f is equal to 1. 
170 A. Zaharia / Topology and its Applications 60 (1994) 153-171 
Example 6.2. Let 2 and m be as before and let f~ (xi, x2j2 be a weighted 
homogeneous and Newton nondegenerate function with c,(f) < ~0. Then, if f 
contains sufficiently monomials, we can apply [lo, Theorem (7.11)] and we find 
that the Milnor fibre of f is 2-connected, hence the second Betti number will be 
equal to 0. 
When 2 is smooth and dim _Z = 2, it is possible to classify the grsimple germs 
in 12. We obtain the following list (see [201 or [21]): 
Xf + . . . +x,2 
X n+pxf+X;+ ... +x,2 
X: ‘&qX,, X,+1, X,+2) +X,2 + . . . +x,2 
X n+lXC: +X n+2X; +x,2 + . . . +x,2 
X n+lX1X2+X,+2X;+X:dz(XI, X,+2) +x,2+ ... +x,2 
Here dn,, x,+~, x,+2) and h(X,, X,+J are simple boundary singularities, the 
boundary being given by the equation xi = 0, see [1,2]. The Milnor fibre, F, of 
these singularities has the following topology: 
l for the first one, F is homotopy equivalent to S-l, 
l for the second one, F is homotopy equivalent to S”, see [15], 
l for the third one, F is homotopy equivalent to S” V (P+’ V . * * V Snfl), see 
USI or [91, 
l for the fourth one, F is homotopy equivalent to Sn+‘, 
l For the fifth one, the Euler characteristic of F can be computed using 
Theorem 5.2. 
The results in [9,15,16,18], Theorem 5.2 and Propositions 5.4 and 5.5, combined 
with Examples 6.1 and 6.2 seem to suggest that the following conjecture is true: 
Conjecture 6.3. Let f= C;j=lh,jgigj be as in Definition 2.5 and let c be equal to 
the corank of the matrix (h,i(0)),i. Then the Milnor fibre of f is r-connected, 
where r = min(m - 2, m - k - 2 + c). 
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